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Introduction

My research interests lie in low dimensional topology, the aim of which is to understand
three- and four-dimensional manifolds. Classical knot theory is a principal tool in studying
3-manifolds, and its generalizations illustrate interesting properties of manifolds of higher
dimension. Generalized link homotopy is one instance of this, and my work has addressed
problems in that subject in the four-dimensional setting, drawing largely from the study of
surface braids in 4-space and of immersed surfaces in 4-manifolds. Certain Vassiliev (or finite-
type) knot invariants arise in this study, and an active part of my research is to explore their
applications.

Invariants are an indispensable tool for obtaining classification results, and a recurring
theme in my research is to address the applicability of various invariants in low-dimensional
topology.

Brief Research Summary

A link map is a map from a union of spheres into another sphere with pairwise disjoint
images, where the spheres are assumed to be oriented. The natural equivalence relation to
place on link maps is that of link homotopy, that is, homotopy through link maps, and the set
of link maps Sp ∪ Sq → Sn modulo this equivalence is denoted LMn

p,q.

Three link maps of the form S1 ∪ S1 → S3 are illustrated in Figure 1, and these examples
happen to be links (embedded link maps). Indeed, it follows from elementary differential
topology that LM3

1,1 is just the set of 2-component links modulo link homotopy. It is an early
result in knot theory that such links are classified up to link homotopy by an integer called
their linking number, which defines a bijection LM3

1,1 → Z. In particular, while it may be
intuitive that the Hopf link (b) cannot be “pulled apart” to look like the trivial link (a), even
if one allows the blue and purple circles to each pass through themselves (but not each other),
the linking number makes it easy for a knot theorist to also see that the link (c) can.

(a) (b) (c)

Figure 1

Is there a similar tool to decide if a link map S2 ∪ S2 → S4 can be pulled apart through
link homotopy? (Here, the trivial link is a pair of embedded 2-spheres bounding disjoint 3-
balls.) This question has a rich history that illustrates the subtlety that is so characteristic of
4-dimensional topology.

The earliest progress was made by Fenn and Rolfsen [2], who used a Z2-valued link ho-
motopy invariant to detect the first non-trivial link map in LM4

2,2. Kirk [9] later generalized
this to define an invariant σ which detects infinitely many elements of LM4

2,2. In 1997, Li [13]
proposed an invariant ω that is defined on the kernel of σ, and it was believed at the time that
ω could detect non-trivial link maps which σ could not. However, Pilz [20] discovered this to
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be in error and could not find further examples. In [18] I proved that no such examples exist;
indeed, ω−(f) is determined by σ+(f) as follows.

Theorem 1 (L., [18]). Let f be a link map with σ−(f) = 0 and σ+(f) =
∑

n≥1 an(tn − 1) for
some integers {an}n≥1. Then

ω−(f) =
∑
an mod 2,

where the sum is over all n equal to 2 modulo 4.

In particular:

Corollary 2 (L., [18]). If a link map f has σ(f) = 0, then ω(f) = 0.

Moreover, Theorem 1 implies there are infinitely many f ∈ LM4
2,2 with ω(f) = 0 but

σ(f) 6= 0; see Theorem 10 below.

In 2001, Bartels and Teichner proved that an embedded link of codimension-2 spheres is
link homotopically trivial.

Theorem 3 (Bartels-Teichner, [1]). Let f : Sn−2
1 ∪Sn−2

2 ∪ . . .∪Sn−2
k → Sn be a link map that

embeds each component. Then f is link homotopically trivial.

Those authors conjectured that Theorem 3 holds even if one component is not embedded.
Presently, one of my activities is to prove this for the case of 2-spheres in the 4-sphere.

Conjecture 4. If f : S2
1 ∪ S2

2 ∪ . . .∪ S2
k → S4 is a link map that embeds one component, then

f is link homotopically trivial.

This simply-stated problem gives rise to connections between link homotopy, surface braids,
Vassiliev invariants and link concordance; see Sections 3, 4 and 6 of the following Discussion.

Discussion

Although links in S3 provide motivation and visual intuition, the study of LM4
2,2 is steeped

in the tools necessary to deal with the failure of the Whitney trick in dimension four, which
separates this dimension from its higher counterparts. The following consequence of Theorem
1 gives a flavor of this.

Corollary 5 (L., [18]). If a link map f has σ(f) = 0, then f is link homotopic to a link map
g which can be equipped with framed, immersed Whitney disks with interiors disjoint from the
image of g.

Part of my research lies at the intersection of two active areas of study: obstruction theory
for embedding surfaces in 4-manifolds and 4-dimensional link homotopy.

1 Obstruction theory for embedding surfaces in 4-manifolds

The first thread began when Wall [22], in developing non-simply connected surgery theory,
introduced a geometric obstruction to homotoping a map h, of an n-sphere into a 2n-manifold,
to an embedding. This obstruction µ(h) lies in a quotient of the group ring Zπ(X) and
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measures whether (up to homotopy) the self-intersections of h(Sn) occur as pairs of oppositely-
signed double points such that each pair can be associated with a Whitney disk, the device
for performing the so-called Whitney trick: a homotopy of h to remove the two double points.
(See Figure 2.) For n > 2 there is enough dimensional wiggle-room to ensure Whitney disks
are sufficiently good, so that µ(h) is the complete obstruction to turning h into an embedding.
For n = 2, however, certain complications to performing the Whitney trick (for example, the
2-sphere h(S2) intersecting the interior of a Whitney disk) may be unavoidable.

In the simply-connected setting, Freedman and Quinn [3] introduced (what they called)
the Kervaire-Milnor homotopy invariant: a “secondary” obstruction km(h) ∈ Z2 that assumes
µ(h) = 0 and counts weighted intersections between h(S2) and a chosen collection of Whitney
disks (whose existence is guaranteed by µ(h) = 0). Schneiderman and Teichner [21] generalized
this in defining their τ invariant, which takes as input a map h : S2 → X with µ(h) = 0 but
makes no assumptions on π1(X), and takes value in a quotient of the group ring Z[π1(X) ×
π1(X)]. Those authors proved that τ(h) vanishes if and only (after a homotopy) h can be
equipped with (framed, immersed) Whitney disks whose interiors are disjoint from h(S2).

2 Four-dimensional link homotopy

Denote two copies of the 2-sphere by S2
+ and S2

−, and let f : S2
+ ∪S2

− → S4 be a link map.
The invariant α of Fenn and Rolfsen is computed by a weighted count of the double points of
either component f(S2

±) (which may be assumed generic), and Kirk generalized it to produce
his invariant σ(f) = (σ+(f), σ−(f)). The integer polynomial σ±(f) measures whether (up to
link homotopy) f(S2

±) can be equipped with Whitney disks in the complement of f(S2
∓).

More specifically, to each double point p of f(S2
+) one may associate a sign εp and an

accessory circle αp, which is a loop on f(S2
+) that changes branches at p and which does not

pass through any other double points. The linking number between αp and f(S2
−) uniquely

determines a non-negative integer np, and σ+(f) is defined as the sum εpt
np over all such

double points. One defines σ−(f) similarly. The question was posed in [10] as to whether the
resulting map

σ : LM2
2,2 → Z[t]⊕ Z[t]

is injective. In analogy with the Kervaire-Milnor invariant, Li defined a secondary obstruction
ω = (ω+, ω−), where ω±(f) ∈ Z2 assumes σ±(f) = 0 and counts weighted intersections
between f(S2

±) and its Whitney disks. He erroneously (as identified by Pilz [20]) constructed
a link map f with σ(f) = (0, 0) but ω(f) 6= (0, 0).

Connecting the two threads, I showed that (after a link homotopy) if one applies the τ
invariant to either component f± : S2

± → S4 \ f(S2
∓), then τ(f±) is Z2-valued and coincides

precisely with ω±(f) (Theorem 8), and this is a well-defined link homotopy invariant (Theorem
1; also Theorem 9). Corollary 5 is the geometric interpretation of this result.
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(a) A movie description of R3 × [−1, 1] in which two disks intersect at two points of opposite sign.
One disk appears entirely in R3 × {0}, the other appears as a [−1, 1]-family of arcs.

(b) A Whitney disk W for the pair of double points appears in R3 × {0}.

(c) The result of performing a Whitney move along W . The two disks no longer intersect.

Figure 2: The “Whitney trick” to remove a pair of double points.
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Previous results

My first contribution grew from an investigation into the applicability of the τ invariant
of Schneiderman and Teichner. I showed that their invariant detects the example in [10] of
Kirk, which that author used to show that Wall’s µ-invariant is an incomplete obstruction in
dimension four.

Proposition 6 (L. , [15]). For the link map f described in [10] for which σ(f) = (0, t2−4t+3),
one has τ(f+) 6= 0. Hence f+ is not homotopic to an embedding.

I then showed by hand computation that σ− is strictly stronger than τ+ as an obstruction
to link homotoping to the trivial link.

Proposition 7 (L., [17]). There is a link map f with σ(f) = (0, t3 − 9t + 8), and hence not
homotopically trivial, but which has τ(f+) = 0.

The method for representing generators of π2(S
4− f(S2

−)) developed in these calculations
allowed me to prove that if one adapts τ to a link homotopy invariant, the result is Li’s
invariant.

Theorem 8 (L., [16]). Let f be a link map. There is a link map g link homotopic to f such
that τ(g+) is defined and Z2-valued, and coincides precisely with ω+(f).

Independently of Theorem 1, in [16] I also filled a gap in the proof in [13] that ω is
well-defined as an invariant of link homotopy.

Theorem 9 (L., [16]). If f and g are link homotopic link maps such that σ±(f) = 0 = σ±(g),
then ω±(f) = ω±(g).

Employing the tools of [3] and the ideas of [7] lead me to extending Propositions 6 and 7
to the general case, Theorem 1; an outline follows.

Suppose that a link map f has σ−(f) = 0, and let X± denote the complement of f(S2
±)

in S4. It can be arranged by a link homotopy that π1(X±) ∼= Z and that f(S2
−) is an

unknotted, immersed 2-sphere in S4, meaning that it differs from an isotopic copy of the
standard embedding S2 ⊂ S4 by a finite number of local “cusps”. One can then equip the
double points of f(S2

−) with framed, embedded Whitney disks {Wi}i in S4 whose interiors
are disjoint from f(S2

−) and intersecting f(S2
+) algebraically zero times. These intersections

provide a means of connecting the invariants ω−(f) and σ+(f).

On the one hand, the Whitney disks {Wi}i ⊂ S4 can be turned into Whitney disks {W ′
i}i

for f− in X+ by performing Whitney moves to exchange their intersections with f(S2
+) for

intersections with f(S2
−), and the latter intersections are precisely what ω−(f) counts.

On the other, the disks {Wi}i (minus collars) can be used to surger the so-called linking
tori in X− that generate its second homology to produce mutually disjoint, immersed 2-
spheres generating of π2(X−). Since f(S2

+) ∈ π2(X−), the value of σ+(f) is determined by
the intersections between f(S2

+) and these 2-spheres, which in turn is determined by the
intersections between f(S2

+) and the {Wi}i.

A scholium of this work was a new proof of the image of σ, that is, the following theorem
originally due to Kirk.
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Theorem 10 (Kirk, [9]). If f is a link map, then there are integers a0, a1, . . . , aN , such that

σ+(f) + σ−(f) = a0 +
N∑

n=1

an(n2t− tn).

3 Relationship with Vassiliev invariants

Vassiliev (or finite-type) invariants give a framework for organizing the plethora of knot
invariants at our disposal. Let us briefly recall the definition. Given an invariant V of knots
in the three-sphere and a singular knot K with one (transverse) double point, one defines

V (K) = V (K+)− V (K−), (1)

where K+ and K− are the non-singular knots with knot diagrams obtained from that of K by
resolving its double point as in Figure 3. Applying the skein relation (1) recursively, V may
be extended to all singular links. Such an invariant is said to be Vassiliev of order n if n is the
smallest integer such that V vanishes on knots with more than n double points. An order-n
invariant gives rise to a weight system on chord diagrams with n chords, which are purely
combinatorially objects, and there is a device called the Kontsevich integral which gives the
reverse direction. Consequently, much effort has been devoted to studying the combinatorics
of chord diagrams and the derivation of weight systems. However, it is unclear if this approach
can yield new, useful knot invariants, and my interest in Vassiliev invariants is more topological
in nature.

Figure 3: A crossing change of a knot. By reversing the left-hand arrow, this also depicts the two
ways to resolve a double point in the sense of Vassiliev invariants.

The definitions above naturally extend to links in the 3-sphere, and indeed the theory of
Vassiliev invariants has found success in many generalized settings — two of which are closely
related to four-dimensional link homotopy.

3.1 Vassiliev Invariants of 2-knots

A surface knot (or knotted surface) is an embedding of a surface into four-dimensional
space; if the surface is a 2-sphere, it is called a 2-knot. Recall that two (ordinary) knots
in the 3-sphere are connected by a homotopy through a sequence of isotopies and crossing
changes (as in Figure 3, and its reverse), and the skein relation (1) describes how a Vassiliev
invariant changes during this homotopy. On the other hand, a generic homotopy between
two 2-knots in the 4-sphere consists of a family of immersions which are each self-transverse,
except for finitely many instances when the immersion has a non-transverse double point.
Such a double point arises during a finger move or its reverse, a Whitney move (as in Figure
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2). Using the moving picture method, Figure 4 illustrates a finger move of a (2-disk on a)
self-transverse 2-knot k+ to produce a self-transverse immersion k−. At an intermediate step
there appears an immersion k with a non-transverse double point. Thus, in analogy with the
classical case, an invariant v of 2-knots may be extended to singular 2-knots via the relation
v(k) = v(k+) − v(k−). It turns out that Vassiliev invariants in this sense — of all orders —
are uninteresting.

Figure 4: A finger move of a 2-disk on k−.

Theorem 11 (Kamada, [7]). The set of Vassiliev 2-knot invariants is 1-dimensional, i.e.,
they are constant maps.

In the classical setting, a Vassiliev invariant of order n may be computed by knowing its
values on a representative set of “basic” singular knots with no more than n double points;
indeed, it suffices to consider a representative set of chord diagrams with no more than n
chords. Of course, the size of the resulting actuality tables grows exponentially with n.

In the 2-dimensional setting, on the other hand, an unknotted immersion with n double
points (counted with sign) is the unique basic representative1 of a self-transverse immersion
with n double points, in that the latter may be turned into the former by performing finger
moves [7]. Theorem 11 is a consequence of this observation and applying the skein relation
inductively.

3.2 Vassiliev Invariants of disjoint links

Returning to the classical setting of links in the 3-sphere, a two-component link of linking
number n is link homotopic to a standard link of linking number n (where each component
is an unknot) by a sequence of isotopies and crossing changes of the same component. Kirk
and Livingston [11] generalized the notion of Vassiliev invariants to singular links for which
the two components remain disjoint, and used the Casson-Walker invariant of 3-manifolds to
investigate them. In particular, they established the following existence result.

1with respect to a natural notion of equivalence
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Let L n denote the set of singular (not necessarily disjoint) two-component links of linking
number n, suitably topologized, and let Ln ⊂ L n be the subspace of singular links for which
the two components are disjoint.

Theorem 12 (Kirk-Livingston, [11]). For each n, there is an infinitely-valued, order-1 integral
Vassiliev invariant on Ln, and no order-2 invariant on L n restricts to be non-trivial on Ln.

When n = 0, their invariant coincides with the Sato-Levine invariant, which (as noted in
Section 6) coincides with a special case of σ.

3.3 Vassiliev invariants for 2-links with disjoint components

Comparing Theorem 11 and 12, it is natural to ask if there are interesting Vassiliev invari-
ants of singular two-dimensional links with disjoint components. Note that Vassiliev invariants
of singular 2-links (where components may intersect) have been classified by Iwakiri [4] in the
language of surface braids (see Theorem 15 below).

Question 13. Do there exist non-trivial Vassiliev invariants of 2-links, where components
must stay disjoint?

This question cannot be addressed using the techniques of [7] alone since one cannot
“unknot” each component of a 2-link simultaneously. Rather, we look to adapt Kamada’s
chart description method of surface braids to link homotopy.

4 Surface braids and chart diagrams

The classical notion of a braid in 3-dimensional space has a natural 4-dimensional gener-
alization, called a surface braid2. Indeed, there are analogues of the Alexander and Markov
theorems in this dimension; that is, an embedding of a collection of closed, orientable surfaces
in 4-space (called a surface link) may be described as the closure of a surface braid, and
any two surface braids describing isotopic surface links are related by a sequence of certain
conjugation and stabilization operations (and surface braid equivalences) [6], [8]. An array
of methods have been developed to study surface braids, and part of my current research
involves applying these to the setting of link homotopy and related Vassiliev invariants.

Recall that a (geometric) braid b on m strands is a disjoint union of arcs in D2 × [0, 1],
connecting m fixed points in D2×{0} to the corresponding points in D2×{1}, and intersecting
any plane D2 × {s} in m points. A surface braid on m sheets is a 1-parameter family {bt}
(t ∈ [0, 1]) of braids on m strands, except at finitely instances ti ∈ (0, 1) when the braid bti
is singular (meaning that several strands may intersect at a point), and such that b0 = b1
is the trivial braid. Figure 7 illustrates an example of a surface braid with 4 sheets and 6
singularities. During the movie, adjacent braids undergo a standard Markov move (such as
in Figure 5(a)), or a singularity appears (such as in Figure 5(b)). (Note that a braid movie
with no singularities gives rise to a trivial surface braid.)

2The version we use here was first introduced by Oleg Viro, and the Alexander theorem-like result is first
attributed to him.
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(a) (b)

(c)

Figure 5

Although visually appealing, the movie method can be cumbersome for deciding if two
surface braids are equivalent. To remedy this, Kamada [8] introduced chart diagrams to
describe surface braids, which (roughly speaking) are to classical braids what Cerf diagrams
are to Morse functions (in this analogy, indices of Morse functions correspond to subscripts of
braid generators in a braid word). These may be defined purely geometrically as the double
point set of the projection of the movie onto the plane represented by the page; for example,
Figures 6(a) and 6(b) are charts corresponding to the braid movies of Figures 5(a) and 5(b),
respectively.

(a) (b) (c)

Figure 6

In its complete description, a chart diagram is a finite planar graph with edges oriented and
labeled to keep track of which strands are undergoing a change in the braid movie, and with
vertices corresponding to Markov moves and singular points in the movie. Figure 8 illustrates
a chart diagram for the surface braid of Figure 7.

The theory extends readily to immersed surface braids (and, by taking closures, immersed
surface links). Indeed, a finger move as in Figure 4 appears in a braid movie as shown in
Figure 5(c); the corresponding chart is depicted in Figure 6(c). Performing a finger move of
an immersed surface thus means to insert such a twice-dotted circle in a chart diagram.

There is a simple collection of manoeuvres of chart diagrams, called C-moves, such that
two surface braids are equivalent if and only if they have chart diagrams connected by a
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Figure 7

Figure 8

sequence of such moves [8]. It follows that two surface links are regularly homotopic if and
only if they have chart diagrams which are connected by a sequence of C-moves and insertions
and deletions of twice-dotted circles. Iwakiri [4] used this to generalize the results of Kamada
described in Section 3.1 to surface links. Firstly:

Proposition 14 (Iwakiri, [4]). Any surface link may be turned into an immersed, trivial
surface link3 by a sequence of finger moves.

Further, Iwakiri used chart diagrams to generalize Kamada’s notion of Vassiliev invariants
to surface links, where different components may intersect, and showed that these are also
more-or-less trivial:

Theorem 15 (Iwakiri, [4]). The set of Vassiliev invariants is 1-dimensional on the set of
surface links with the same number of components and (up to reordering) the same genus of
each component.

To address Question 13, we look to prove that Iwakiri’s method may be adapted to link
homotopy; this means that the finger moves of the corresponding surface braids must occur

3A surface link in R4 is trivial if it bounds a disjoint collection of handlebodies; an immersed, trivial surface
link differs from a trivial surface link by a number of local cusp double points.
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between sheets of the same component. The first step is prove that Proposition 14 holds when
one restricts to such finger moves. This is a consequence of Theorem 3, but chart diagrams
give a greatly simplified proof. Further, we hope to extend this to prove Conjecture 4.

5 Secondary invariants of link maps of more components

Kirk’s σ invariant may be generalized to produce a link homotopy invariant of k-component
link maps [10], that is, maps of 2-spheres of the form

f : S2
1 ∪ S2

2 ∪ . . . ∪ S2
k → S4

with f(S2
i ) ∩ f(S2

j ) = ∅ for i 6= j.

Li [14] showed that the resulting invariant σk can detect non-trivial link maps with pairwise-
vanishing σ values. It is not known if more examples are possible. One potential solution
is to extend the ideas underlying the ω-invariant to this setting and construct an analogous
invariant.

Question 16. Can the ω-invariant be generalized to a link homotopy invariant of k-component
link maps? Can this detect link maps in the kernel of the generalized σ invariant?

As noted in Section 2, the two-component version of σ obstructs embedding either com-
ponent. On the other hand, when k > 2, by the preceding paragraph this does not imply that
σy must vanish on k-component link maps with only one component embedded. However,
this would follow from Conjecture 4.

Theorem 17 (L., [19]). Assume Conjecture 4 holds. If an k-component link map f embeds
one component, then σk(f) = 0.

6 Relationship with link concordance invariants

Consider a semi-contractible link L = L1∪L2 ⊂ S3, that is, a link for which each component
is null-homotopic in the complement of the other. By attaching the trace of a null-homotopy of
L1 in the complement of L2 to the trace of a null-homotopy L2 in the complement of L1, along
the link L, one obtains a link map of 2-spheres in the 4-sphere which (up to link homotopy)
does not depend on the choice of the two null-homotopies [9]. For link maps constructed in
this way, a natural Z-valued invariant induced from σ turns out to coincide with the Sato-
Levine invariant invariant applied to the link L [5], and hence is a concordance invariant of
semi-contractible links. This relationship has already been put to good use in [14] to construct
interesting examples of the generalized σn invariant.

Now, by the same construction the ω-invariant also induces an invariant of semi-contractible
links. I wish to investigate whether it is related to known link invariants, and therefore what
implications its vanishing on the kernel of the full σ-invariant might have on the theory of link
concordance.
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